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Abstract

Diffusion processes (e.g., Wiener process, Ornstein–Uhlenbeck process) are powerful approaches to model human information

processes in a variety of psychological tasks. Lack of mathematical tractability, however, has prevented broad applications of these

models to empirical data. This tutorial explains step by step, using a matrix approach, how to construct these models, how to

implement them on a computer, and how to calculate the predictions made by these models. In particular, we present models for

binaries choices for unidimensional and multiattribute choice alternatives; for simple reaction time tasks; and for three alternatives

choice problems.

r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Over the last 40 years there have been many
systematic attempts to model the processes underlying
human decision making in a wide variety of psycholo-
gical tasks (for reviews see, Luce, 1986; Townsend &
Ashby, 1983). One line of thought is based on the notion
of sequential sampling according to which information
in sensory or cognitive systems is accumulated sequen-
tially over time until a preset criterion is reached and a
response is initiated. Information in this context usually
means any changes in the central nervous system that
translate perception and cognition into action (Luce,
1986; Smith, 2000). Characteristics, both of the stimulus
(e.g., intensity) and the subject (e.g., strategy), may
influence the information accumulation process.

Sequential sampling models seek to account for both
response time and accuracy data. All approaches assume
that the stimuli (or choice alternatives) can be mapped
onto a hypothetical numerical dimension representing
the instantaneous level of activation, evidence, or
preference. Further, they assume some random fluctua-
tion of this value over time in the course of information

accumulation. Therefore, sequential sampling can be
described as a stochastic process. Two quantities are of
foremost interest: (1) the probability that the process
eventually reaches one or the other boundary for the
first time (the criterion to initiate a response), called first

passage probability; (2) the time it takes for the process
to reach one of the boundaries for the first time, called
first passage time. The former quantity is related to the
observed relative frequencies, the latter usually to the
observed mean choice response times.

Traditionally, sequential sampling models have been
applied to account for response time and accuracy data
in identification and discrimination tasks using choice
response time paradigms (e.g., Audley (1960), Audley
and Pike (1965); Ashby (1983), Edwards (1965), Heath
(1981), Laming (1968), Link and Heath (1975), Pike
(1966); Ratcliff (1978, 1981, 1985, 1988), Ratcliff and
McKoon (1982), Ratcliff and Rouder (1998, 2000),
Ratcliff, Van Zandt, and McKoon (1999), Stone (1960),
Van Zandt, Colonius, and Proctor (2000), Vickers
(1970); for reviews see Luce (1986), Townsend and
Ashby (1983)). They were also used for classification
tasks (e.g., general recognition theory, Ashby (2000);
exemplar-based random walk models of classifica-
tion, Nosofsky and Palmeri (1997)) and decision
making tasks (e.g., criterion-dependent choice model,
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Aschenbrenner, Albert, and Schmalhofer (1984); deci-
sion field theory, Busemeyer and Townsend (1993);
multiattribute dynamic decision model, Busemeyer and
Diederich (2002), Diederich (1996, 1997, 2003a,b);
Diederich and Busemeyer (1999)). Moreover, they have
been applied to account for observed response time
patterns in detection tasks using simple response time
paradigms (e.g., Diederich (1992, 1995); Pacut (1980);
Schwarz (1994); Smith (1995)). Most recently, these
models have been applied to multialternative decision
problems (Roe, Busemeyer, & Townsend, 2001; Usher &
McClelland, 2001).

However, lack of mathematical tractability has
prevented broad applications of these models to
empirical data, especially when the models go beyond
utilizing simple random walks. The present tutorial
shows how to construct these models, how to implement
them on a computer, and how to calculate the
predictions made by these models. We only include
basic mathematics in the tutorial; derivations and
additional comments are put in the appendix. As will
be shown all quantitative predictions are calculated
rather than simulated, using Markov chain approxima-
tions. The tutorial is organized as follows. We start with
a simple numerical example and introduce the simple
random walk model. Then we show how the simple
random walk can approximate the Wiener process.
Third, we introduce the birth–death chain and show
how this chain can approximate a diffusion process. As
a special diffusion process we develop the Ornstein–
Uhlenbeck process. We show how to extend the
approach to multiattributive stimuli and, for the first
time, to three choice alternatives and to processes with
variable drift. We included mathematical derivations in
the text only if absolutely necessary. Details are put in
the appendix. Finally, we show how to implement the
models on the computer by providing two Matlab
programs.

2. Simple random walk

Intuitively, a stochastic process is an entity that
evolves randomly in time or space. In physics or biology
this entity may be particles or neural activation. Here,
we will refer to it as amount of information throughout
the present tutorial although in psychology it is also
called activation, pieces of evidence, preference and the
like.

Consider the following very simple example in the
context of signal detection. Suppose a person is trying to
make the decision whether a signal or noise trial is
presented, based on the stimulus presented on a trial.

At any moment in time, the person may sample an
amount of information that provides evidence for a
signal or noise response. For this example, the

probability of sampling evidence in favor of the signal
response equals 0.4; the probability of sampling
evidence favoring the noise response is 0.6. Amounts
of information are coded in units of one and minus one,
and the accumulated information is labeled X for the
state of the process. Assume that information in favor of
the signal is added ðþ1Þ and information in favor of the
noise is subtracted ð�1Þ: Let Xn denote the amount of
information accumulated up to time unit n; n ¼
0; 1; 2; 3;y: (Xn is also called the value of the process
at time n:) Furthermore, assume that at the beginning of
the trial no amount of information has been sampled
yet, X0 ¼ 0; and that the sampling process stops as soon
as a critical value (state) is reached for either initiating a
response in favor of the signal or in favor of the noise.
Let us assume that the critical value (state) for the signal
response is 3 and for the noise response is �3: Three
possible realizations of this information accumulation
process are

ð0;þ1; 0;�1;�2;�3Þ trial # 1;

ð0;þ1;þ2;þ1;þ2;þ3Þ trial # 2;

ð0;�1; 0;�1;�2;�1;�2;�3Þ trial # 3:

In the first trial, the first amount of information gives
evidence for the signal and the state changes from
neutral (state 0) to a state that moderately favors the
signal (state þ1). But the evidence is not sufficiently
strong to decide. The next amount of information favors
noise, producing a step back to neutral. The process
continues until one of the critical values is reached, at
which point the respective response is chosen, i.e., as
soon as Xn ¼ þ3 or Xn ¼ �3: In the case of trial 1, the
evidence is sufficiently strong to make a decision in
favor of the noise after the 6th sample. In the second
trial there was enough information accumulated in favor
of the signal after the 6th sample, in the last trial there
was sufficiently strong evidence to make a decision in
favor of the noise after the 8th sample. For the last
example, the cumulative amount of information at each
time is X0 ¼ 0;X1 ¼ �1;X2 ¼ 0;X3 ¼ �1;X4 ¼ �2;
X5 ¼ �1;X6 ¼ �2;X7 ¼ �3:

This is an example of a very basic stochastic process,
called a simple random walk with two absorbing states. It
is simple because steps (amounts of information) take
only values of þ1 and �1: Random walk indicates that
the steps up ðþ1Þ and down ð�1Þ occur according to a
probability distribution, here Prðstep ¼ þ1Þ ¼ 0:4 and
Prðstep ¼ �1Þ ¼ 0:6: An absorbing state means that the
process stops, or is absorbed as soon as it reaches this
state, in this example þ3 or �3: Absorbing states are
also called absorbing boundaries or absorbing barriers.
With respect to psychological applications this is called
decision criterion, decision boundary, or simply criterion.
The remaining intermediate states (�2;�1; 0;þ1;þ2)
are called transient states. Eventually, the state of
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information leaves the transient states and is captured
by one of the absorbing states. That is, the probability of
absorbtion is 1. The set of all states of the process is
called the state space and is labeled S:

As we have indicated at the beginning, two quantities
are of foremost interest: (1) the probability that the
process eventually reaches one or the other boundary
for the first time (the criterion to initiate a response),
which is then related to the observed relative frequen-
cies; (2) the time it takes for the process to reach one of
the boundaries, which is usually related to the observed
mean choice response times.

According to this simple model, the probability of
choosing a signal is determined by the probability of
eventually reaching the þ3 absorbing state before
reaching the �3 absorbing state. The mean time for
initiating a ‘‘signal’’ response is simply the mean number
of steps required to reach the absorbing state for signal,
given that ‘‘signal’’ is chosen. Both quantities can be
computed in a simple way by using Markov Chain
theory as follows.

First, we construct a matrix representing all the
probabilities of the states. The rows of the state matrix
are organized with states �3;�2;�1; 0;þ1;þ2;þ3
represented by rows 1, 2, 3, 4, 5, 6, and 7, respectively;
and similarly for the columns. This matrix (the entries
within the bracket) is called transition probability matrix

and labeled P.

P ¼

index 1 2 3 4 5 6 7

state �3 �2 �1 0 þ1 þ2 þ3

1 �3

2 �2

3 �1

4 0

5 þ1

6 þ2

7 þ3

1 0 0 0 0 0 0

0:6 0 0:4 0 0 0 0

0 0:6 0 0:4 0 0 0

0 0 0:6 0 0:4 0 0

0 0 0 0:6 0 0:4 0

0 0 0 0 0:6 0 0:4

0 0 0 0 0 0 1

2
666666666664

3
777777777775
:

As we will see, this matrix plays an important role for
determining the predicted choice probabilities and
choice response times for all processes discussed in the
following.

Each cell, pij ; of this matrix represents the probability
of going from state i to state j and is called transition

probability. For example, from column 4 to column 5
reflects the transition probabilities from the neutral state
(state 0) to either the state one step up, (to state þ1 from
row 4 to column 5 with probability 0.4); or remaining in
neutral (with probability 0); or to the state one step
down (to state �1 from column 4 to column 3 with
probability 0.6). The remaining rows are defined in a
similar manner.

For computational convenience the transition prob-
ability matrix can be rearranged according to the

transition states. The absorbing states are �3 and þ3
with transition probabilities p11 ¼ 1 and p77 ¼ 1; i.e., the
process is absorbed with probability 1. The matrix
containing these probabilities is labeled PI: The size of
this submatrix is determined by the number of absorb-
ing states, here a 2� 2 matrix. The second class of states
are those that eventually lead to the absorbing states in
one-step transition, here from þ2 to þ3 with transition
probability p67 ¼ 0:4 and from �2 to �3 with transition
probability p21 ¼ 0:6: The matrix containing these
probabilities is labeled R. The size of this submatrix is
determined by the number of absorbing states and the
number of the transient states, here a 5� 2 matrix. The
matrix of the probabilities for the remaining transient
states is labeled Q. Its size is determined by the number
of transient states, here a 5� 5 submatrix. Obviously,
the number of transient states is the total number of
states minus the number of absorbing states.

P ¼

state �3 þ3 �2 �1 0 þ1 þ2

�3

þ3

�2

�1

0

þ1

þ2

1 0 0 0 0 0 0

0 1 0 0 0 0 0

0:6 0 0 0:4 0 0 0

0 0 0:6 0 0:4 0 0

0 0 0 0:6 0 0:4 0

0 0 0 0 0:6 0 0:4

0 0:4 0 0 0 0:6 0

2
666666666664

3
777777777775

¼
PI 0

R Q

" #
: ð1Þ

Furthermore, we construct a vector, labeled Z, repre-
senting the starting position of the process over the
transient states, before the decision process begins. That
is, at time t ¼ 0 the process is set in motion either by
starting it at a fixed state i0; called the initial state, or by
randomly locating it in the state space according to a
probability distribution Z on S; called the initial

distribution. In the former case, Z is the distribution
concentrated at the state i0; i.e., Zj ¼ 1 if j ¼ i0; Zj ¼ 0 if
jai0: In the latter case, the probability is zi that at time
zero the process will be found in state i; where 0pzip1
and

P
i zi ¼ 1: For example, Z ¼ ð0 0 1 0 0Þ guarantees

that the process starts at the neutral state (at state 0 with
probability 1), as for the example above; with Z ¼
ð0 0 0 1 0Þ the process starts at state þ1; indicating a bias
towards signal. In both cases the process starts at a fixed

state. Setting Z ¼ ð0:05 0:10 0:70 0:10 0:05Þ means,
there is a 0.70 probability of starting the decision
process in the neutral state, and a 0.1 probability of
starting in state +1, etc. In this case we have a initial

probability distribution over all transient states.
Finally, we need to build a matrix called identity

matrix, labeled I, which has ones in the diagonal and
zeros in the off diagonal. It is only for computational
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reasons and has the same size (number of rows and
columns) as the matrix Q. For this example, it is a 5� 5
matrix defined as follows:

I ¼

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

2
6666664

3
7777775
:

The probability of choosing the signal response, PrðSÞ;
and the probability of choosing the noise, PrðNÞ; can be
computed according to the matrix equation (e.g., Bhat,
1984):

½PrðNÞ;PrðSÞ	 ¼ Z 
 ðI�QÞ�1 
 R; ð2Þ

where ðI�QÞ�1 is the inverse of the matrix ðI�QÞ and
ðI�QÞ�1ðI�QÞ ¼ I: (For derivation see Appendix A.)

The mean number of steps required to reach the
absorbing state either for signal or for noise can be
computed in a similar way. Define EðT jSÞ as the mean
number of time steps required to make a choice, given
that a signal response is chosen; and similarly, EðT jNÞ
as the mean number of time steps, given a noise response
is chosen. The conditional expected values are

½EðT jNÞ;EðT jSÞ	
¼ ½Z 
 ðI�QÞ�2 
 R	:=½PrðNÞ;PrðSÞ	; ð3Þ

where ðI�QÞ�2 indicates the matrix product ½ðI�
QÞ�1 
 ðI�QÞ�1	: (For derivation see Appendix A.) In
this formula, the numerator produces a row vector of
two numbers, and the denominator is also a row vector
of two numbers, and the symbol ./ means an element-
wise division (divide the first element in the numerator
by the first in the denominator, and the second element
in the numerator by the second in the denominator).
These equations can be computed almost directly as
shown using commonly available matrix language
programs such as Gauss, Matlab, Mathematica, or Proc
IML in SAS.

The choice probabilities and conditional expectations
for the above example are:

Initial distribution PrðSÞ PrðNÞ EðT jSÞ EðT jNÞ

Z ¼ ð0 0 1 0 0Þ 0.23 0.77 8.14 8.14
Z ¼ ð0 0 0 1 0Þ 0.39 0.61 5.93 9.77
Z ¼ ð0:05 0:10 0:70

0:10 0:05Þ
0.25 0.75 7.26 7.77

In the above formulas, there is nothing special about
the particular probabilities, and any transition prob-
abilities may be substituted. Also, there is nothing
special about the number of transient states, and the
same formula applies to an arbitrary number of
transient states. Finally, as we have seen there is nothing

special about the initial probability vector, and any
distribution is permitted.

3. Wiener process

Before discussing the Markov-chain method to
compute the distribution statistics for the Wiener
process we should mention that there are other solutions
to the same problem.1 However, the solution presented,
for example, by Ratcliff (1978) is limited only to the
Wiener process, whereas the Markov chain method can be
used for other, more complex processes as discussed later.

Consider the simple random walk again. The state
space of the process is

S ¼ f�y;y;�2;�1; 0;þ1;þ2;y;þyg;

where y denotes the absorbing states (the decision
criteria). The parameter set (time space) is
f0; 1; 2; 3;yg: Now suppose we have a time interval
½0; t	 and divide this into subintervals of length t so that
we have t=t such subintervals. That is, the process
makes a step at t; 2t; 3t;y . Further, instead of steps up
and down of unit magnitude assume that the size of the
steps is either þD or �D with probability 0.5, so that the
move is up or down. The state space is now

S ¼ f�kD;y;�2D;�D; 0;þD;þ2D;y;þkDg; ð4Þ

where y ¼ kD and �y ¼ �kD; and k equals the number
of steps to reach the criterion from the neutral starting
point. The amount of information accumulated at time t

(the value of the process at time t) is a random walk
after t=t steps. This depends obviously on the choice of
D and t which can get smaller and smaller. Setting
D ¼

ffiffiffi
t

p 2 and letting t approach 0 the random walk
model converges to a process called the standard3

Wiener process which has continuous time set and
continuous state space and we will label it WðtÞ:
Markov processes with continuous time set and
continuous state space are called diffusion processes

and the standard Wiener process is the simplest
diffusion process.

For example, suppose that we have the same criteria
(absorbing states) as before, i.e. y ¼ þ3 for a signal
response and �y ¼ �3 for a noise response. Further,
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assume that the step size is now D ¼ 0:5; and therefore
k ¼ 3=0:5 ¼ 6: The state space becomes S ¼
f� 6 
 0:5;�5 
 0:5;� 4 
 0:5;� 3 
 0:5;�2 
 0:5;�1 
 0:5; 0;
þ 1 
 0:5;þ 2 
 0:5;þ 3 
 0:5;þ 4 
 0:5; þ 5 
 0:5; þ 6 
 0:5g:
For this process it would take, on average, 36 steps of
size D ¼ 0:5 to reach the criterion y: This is compared to
the 9 steps, when assuming a step size of D ¼ 1:
However, if we want to relate the expected number of
steps to decision time, we have to adjust Eq. (3) by the
time unit t; i.e.,

½ðEðT jNÞ;EðT jSÞ	
¼ t 
 ½Z 
 ðI�QÞ�2 
 R	:=½PrðNÞ;PrðSÞ	: ð5Þ

Fig. 1 shows these ideas for D ¼ 1; 0.5, and 0.25. For the
D ¼ 0:25 case we have 4 small steps instead of one big
step and within the original one time unit we have 16
subintervals of length t equal to 1=16:

The simple random walk and the Wiener process seem
to be very similar. Note however a very important

theoretical difference. The random walk moves one step
up or down from one time unit to the next with
probability p and q ¼ 1� p: The increment of the
process (a step up or down) from time unit n to n þ 1
is the difference between two instances of the process,
(e.g., Tuckwell, 1995) i.e.,

Xnþ1 � Xn ¼ Znþ1; n ¼ 0; 1; 2;y

and the Zn are independent identically distributed with
PrfZ1 ¼ þ1g ¼ p and PrfZ1 ¼ �1g ¼ q; and X0 ¼ 0:
For p ¼ q it follows that EðZ1Þ ¼ p � q ¼ 0 and
therefore EðXnÞ ¼ Eð

Pn
i¼1 ZiÞ ¼ nEðZ1Þ: The vari-

ance VarðZ1Þ ¼ 4pq ¼ 1 and therefore VarðXnÞ ¼
n VarðZ1Þ ¼ n:

For the approximation of the standard Wiener
process we take Xt=t ¼

Pt=t
i¼1 Zi: Since the Zi are

independent and identically distributed with Pr½Zi ¼
þD	 ¼ Pr½Zi ¼ �D	 ¼ 0:5 we get EðZ1Þ ¼ 0 and
VarðZ1Þ ¼ D2: Therefore, the expected value is
EðXt=tÞ ¼ 0 and, with D ¼

ffiffiffi
t

p
; the variance is

VarðXt=tÞ ¼ ðt=tÞ VarðZ1Þ ¼ tD2=t ¼ t: If we let t-0;
then Xt=t converges in distribution to a random variable
WðtÞ which we called the standard Wiener process.
From the central limit theorem we know that WðtÞ is
normally distributed.

Thus, for the standard Wiener process the increment
(a very small step moving up or down) in the small time
interval ðt; t þ tÞ is

dW ðtÞ ¼ Wðt þ tÞ � WðtÞ; ð6Þ

and WðtÞ is normally distributed with mean zero and
variance t: The Wiener process with drift is obtained with
some algebraic operations on a standard Wiener process.
The random variable WðtÞ is multiplied by a constant, s;
s40; and a linear function of time, mt; is added, where m;
can be positive, negative or zero, resulting in

VðtÞ ¼ mt þ sWðtÞ; ð7Þ

or in a difference equation form

dVðtÞ ¼ Vðt þ tÞ � VðtÞ ¼ mtþ sdWðtÞ: ð8Þ

VðtÞ is normally distributed with mean mt and variance
s2t:

The Wiener process with drift is related to more
interesting cases when paqa0:5: We show next how we
determine the choice probabilities and choice response
time for this situation. To do so we first have to define
two functions more precisely.

The properties of an increment dXðtÞ ¼ X ðt þ tÞ �
XðtÞ in a small time interval ðt; t þ tÞ may depend on the
time t and the value x of the process at the beginning of
the small time interval. Therefore, conditioned on
XðtÞ ¼ x; two functions are defined now as infinitesimal
mean mðx; tÞ and infinitesimal variance s2ðx; tÞ:

(a) The infinitesimal mean (or infinitesimal first mo-
ment or instantaneous mean or drift coefficient) is
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D ¼ 0:5 (middle); and D ¼ 0:25(bottom).
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defined as

mðx; tÞ ¼ lim
t-0

E½dX ðtÞjXðtÞ ¼ x	
t

:

(b) The infinitesimal variance (or infinitesimal second
moment or instantaneous variance or diffusion
coefficient) is defined as

s2ðx; tÞ ¼ lim
t-0

E½ðdX ðtÞ2jX ðtÞ ¼ xÞ	
t

:

Note that mðx; tÞ and s2ðx; tÞ are deterministic functions
of x and t: Once the drift and diffusion terms are
specified, the transition probability density function can
be determined and all required information about the
process is provided. These two coefficients are quite
important for modeling in psychological tasks, espe-
cially the drift coefficient mðx; tÞ: For example, a higher
intensity stimulus may provide more information than a
weaker one and the amount of accumulated information
needed to evoke a response may reach the boundary
sooner. Therefore, the drift coefficient of the process
may be related to stimulus intensity as we will see in
more detail below.

In particular, the drift and diffusion coefficients for
the Wiener process are mðx; tÞ ¼ m and s2ðx; tÞ ¼ s2;
respectively. Now, the transition probabilities pi;i�1 and
pi;iþ1 can be written as functions of these coefficients (see
the appendix). With

ffiffiffi
t

p
¼ D=s;

pi;i�1 ¼
1

2
1� m

s
ffiffiffi
t

p� �
; ð9Þ

pi;iþ1 ¼
1

2
1þ m

s
ffiffiffi
t

p� �
: ð10Þ

These transition probabilities determine the probability
matrix in exactly the same way as we have already seen.
Note that m=s is restricted to the range
ð�1=

ffiffi
ð

p
tÞ; 1=

ffiffi
ð

p
tÞÞ to guarantee that 0ppi;i�1;

pi;iþ1p1: For example, with m ¼ 0; the probability is
0.5 of a step in either direction. The sign of the drift
coefficient determines the direction the process takes, on
average. For m40 the process moves, on average, up.
For mo0 the process moves, on average, in the opposite
direction. For example, setting s and step size to one
and m ¼ �0:2 yields pi;i�1 ¼ 0:6 and pi;iþ1 ¼ 0:4; the
transition probabilities for the introductory example.
The process stops and a response is initiated as soon as
an absorbing state is reached. In particular, ‘‘signal’’, or
in general, alternative A, is chosen as soon as VðtÞXy
and ‘‘noise’’, or in general, alternative B, is chosen as
soon as VðtÞp� y:

To see how well the continuous process can be
mimicked by a discrete process we determine the mean
and probability as a function of the step size D: In
Eq. (4) we set the criteria to y ¼ kD and �y ¼ �kD and
expressed the state space as a function of the step size D

and the criteria, i.e.,

S ¼f�kD;�ðk � 1ÞD;y;�2D;�D; 0;D;

2D;y; ðk � 1ÞD; kDg: ð11Þ

The total number of states in S is m ¼ 2 
 k þ 1 or,
equivalently, m ¼ 2 
 y=Dþ 1: Thus, decreasing the step
size D leads to an increase of the matrix size m; holding
all other factors fixed.

Fig. 2 shows the mean and probability for choosing
one alternative plotted as a function of the matrix size m

for different decision criteria, y ¼ 3 and y ¼ 5; with
three different drift coefficients m (see Diederich, 1995,
for a different range of parameters).

As can be seen, mean and probability reach an
asymptote already for matrix of size 7� 7: This
corresponds to a step size D ¼ 1 for y ¼ 3 and a step
size D ¼ 1:67 for y ¼ 5: Thus, with a relatively small
matrix size and a relative large step size the continuous
process is mimicked by a discrete process.

4. Birth–death process

Let us stay for another moment with our example.
The person is trying to make a decision whether a signal
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or noise trial is presented, based on the stimulus
presented on a trial. However, suppose that no
diagnostic information can be sampled from one
moment to the next, i.e., there is a positive probability
that the process remains in the same state. Assume that
the probability for a signal response is 0:2; the
probability for a noise response is 0:3; and the
probability for non-diagnostic information is 1� ð0:2þ
0:3Þ ¼ 0:5: With the same state space as before the
transition probability matrix becomes

state �3 �2 �1 0 þ1 þ2 þ3

�3

�2

�1

0

þ1

þ2

þ3

1 0 0 0 0 0 0

0:3 0:5 0:2 0 0 0 0

0 0:3 0:5 0:2 0 0 0

0 0 0:3 0:5 0:2 0 0

0 0 0 0:3 0:5 0:2 0

0 0 0 0 0:3 0:5 0:2

0 0 0 0 0 0 1

2
666666666664

3
777777777775
:

ð12Þ

Following the same procedure as before, the choice
probabilities and conditional expectations for this
example are

Initial distribution PrðSÞ PrðNÞ EðT jSÞ EðT jNÞ

Z ¼ ð0 0 1 0 0Þ 0.23 0.77 16.29 16.29
Z ¼ ð0 0 0 1 0Þ 0.39 0.61 11.86 19.55
Z ¼ ð0:05 0:10 0:70

0:10 0:05Þ
0.25 0.75 14.51 15.54

This describes a simple random walk that never skips
states in its evolution, i.e., a Markov chain with state
space S ¼ f0;71;72;yg for which transitions from
state n can only move to state n þ 1 or to state n � 1 or
stay in the same state. It is called a birth–death chain. In
addition let the time unit t between two steps decrease
so that a step occurs within the time interval ðt; t þ tÞ:
As t approaches 0 the Markov chain with these
properties is called a birth–death process. The state
space can be seen as the size of a population, the
increase of the population size by one as birth and the
decrease by one as death. The time set is continuous as t
approaches 0.

These ideas lead to a process that allows us to
approximate a broad class of stochastic processes,
called diffusion processes, one of which is the Wiener
process.

5. Ornstein–Uhlenbeck process (OUP)

The transition probabilities pij of going from state i to
state j for the birth–death chain are

pij ¼

ai if j ¼ i � 1;

bi if j ¼ i þ 1;

1� ai � bi if j ¼ i;

0 otherwise:

8>>><
>>>:

Note, that the transition probabilities may depend on
the state of the process.

Decreasing also the step size D for the birth–death
chain with transition probabilities pij approximates a
diffusion process X ðtÞ with drift coefficient mðx; tÞ and
diffusion coefficient s2ðx; tÞ as D-0: (See Convergence
Theorem, e.g., Bhattacharya and Waymire (1990, p.
387), Karlin and Taylor (1975, p.169), and the
appendix).

One of the diffusion processes becomes increasingly
interesting for cognitive science research, namely the
Ornstein–Uhlenbeck (OU) process, XðtÞ; tX0; with
drift. The process, developed in physics, assumes that
the velocity of a particle is a stochastic process (rather
than its position as in the Wiener process). As we will see
the OUP has properties that are interesting for model
building in psychology. For example, some properties
account for assumptions concerning leakage or decay in
information accumulation (Busemeyer & Townsend,
1992; Diederich, 1992, 1995, 1997; Smith, 1995; Usher &
McClelland, 2001); primacy and recency effects in
memory (Busemeyer & Townsend, 1993); approach
and avoidance conflicts in decision making (Busemeyer
& Townsend, 1993, Diederich, 2003a).

In a small time interval the change in velocity of
information accumulation is assumed to be influenced
by two factors: the specific tasks with their cognitive
interpretation which slows down the motion of the
process and some random fluctuation due to new
information. Assuming that the damping effect is
directly proportional to the velocity, leads to the
equation

Xðt þ tÞ ¼ ð1� tgÞX ðtÞ þ Vðt þ tÞ
¼ tdþ ð1� tgÞXðtÞ þ sWðt þ tÞ ð13Þ

or in a difference equation form

dXðtÞ ¼Xðt þ tÞ � X ðtÞ ¼ �tgX ðtÞ þ Vðt þ tÞ
¼ td� tgXðtÞ þ sWðt þ tÞ: ð14Þ

WðtÞ refers to the standard Wiener process (Eq. (6)) and
VðtÞ to the Wiener process with drift d and diffusion
coefficient s2 (Eq. (7)), as we discussed above. X ðtÞ is
normally distributed with mean d

gð1� e�gtÞ and variance
s2

2gð1� e�2gtÞ: The drift coefficient of the OUP (more
precisely the OUP with drift for da0) is mðx; tÞ ¼
d� gx: One part of it, �gx; is proportional to the value
x of the process and the other part of the drift, d; is a
constant. As before, d determines the direction of the
process’ motion and �gx causes the decay of the process
depending on the state x in the state space. For example,
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if g40 the process takes longer to reach a preset
criterion because the increments decrease with increas-
ing position in the state space, i.e. in a sense it slows
down the process. This is applicable to model ‘leakage of
information’, or avoidance behavior. For go0; it takes
less time for the process to reach a preset criterion since
the increments increase with increasing position in the
state space. This is applicable for ‘‘the winner takes all’’
assumption; to model facilitation effects; or speeded
responses in approach–conflict situations. However, the

process might become unstable and, strictly speaking, it
is not called OUP for go0:

Fig. 3 shows three sample paths (trajectories) of the
standard Wiener process ðm ¼ 0Þ; the Wiener process
with drift m ¼ 0:2; the OUP with d ¼ 0:2 and g ¼ 0:005;
and the OUP with d ¼ 0:2 and g ¼ �0:01: The time
units (x-axis) are t ¼ n 
 0:1 for all four figures. The solid
lines are the respective drift rates.

The process stops and a response is initiated as soon
as an absorbing state is reached. In particular,
alternative A is chosen as soon as XðtÞXy and
alternative B is chosen as soon as X ðtÞp� y:

As mentioned, once the drift and diffusion terms are
specified, the transition probability density function can
be determined and all required information about the
process is provided. The drift and diffusion coefficients
for the OUP are mðx; tÞ ¼ d� gx and s2ðx; tÞ ¼ s2;
respectively. The transition probabilities pi;i�1; pii; and
pi;iþ1 can be written as functions of these coefficients
exactly as we have done before (see the appendix).

Again, we start with defining the state space of the
process, S; which consists of all states of information
(states of activation, states of preference). We

assume that these entities change by very small steps
of size D40: The information accumulation process
is bounded by y and �y; the criteria to initiate a
response for A and B, respectively. Setting ðy ¼ kDÞ and
ð�y ¼ �kDÞ the state spaces can be expressed as a
function of the step size D and the criteria (Eq. (11)).
The total number of states in S is m ¼ 2 
 k þ 1 or,
equivalently, m ¼ 2 
 y=Dþ 1: For convenience the
states are indexed by i ¼ 1;y;m according to magni-
tude, i.e.,

As before, the transition probabilities for the m states of
the Markov chain are arranged in an m � m transition
probability matrix P, with the elements p11 ¼ 1 and
pmm ¼ 1; and, for 1oiom;

pi;j ¼

1
2að1�

mð�kDþði�1ÞDÞ
s2

ffiffiffi
t

p
Þ if j � i ¼ �1;

1
2að1þ

mð�kDþði�1ÞDÞ
s2

ffiffiffi
t

p
Þ if j � i ¼ þ1;

1� pi;i�1 � pi;iþ1 ¼ 1� 1
a if j ¼ i;

0 otherwise

8>>>><
>>>>:

ð15Þ

and with mðxÞ ¼ d� g 
 x for the OUP

pi;j ¼

1
2að1�

d�g
ð�kDþði�1ÞDÞ
s2

ffiffiffi
t

p
Þ if j � i ¼ �1;

1
2að1þ

d�g
ð�kDþði�1ÞDÞ
s2

ffiffiffi
t

p
Þ if j � i ¼ þ1;

1� 1
a if j ¼ i

0 otherwise:

8>>>><
>>>>:

ð16Þ

Here D is set to D ¼ as
ffiffiffi
t

p
: The parameter, a41; is a free

parameter and is chosen to improve the approximation
to a continuous time process. It has no effect on choice
probabilities.

The transition probability matrix P ¼ jjpijjj is pre-
sented in its canonical form:
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S ¼
f�kD; �ðk � 1ÞD; y; �D; 0 D; y; ðk � 1ÞD; kDg:

1 2 y ðm � 1Þ=2 y m � 1 m

ð17Þ
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The number of states in the state space determine the
size of the transition matrix and its submatrices. In
particular, R is a matrix of size ðm � 2Þ � 2 and Q is of
size ðm � 2Þ � ðm � 2Þ: With these submatrices we
proceed as we did before to determine the probability
for reaching a particular boundary (Eq. (2)) and the
mean time to reach that absorbing boundary (Eq. (5)).
Note, that for g ¼ 0 the OUP becomes the Wiener
process with drift. The first passage time distribution for
reaching the boundaries for alternatives A and B can
also be determined by using this approach, i.e.,

½PrðT ¼ tjBÞ;PrðT ¼ tjAÞ	

¼ ½PrðT ¼ t-choose BÞ;PrðT ¼ t-choose AÞ	
½Prðchoose BÞ;Prðchoose AÞ	

¼ ZQn�1R:=ZðI�QÞ�1
R; ð18Þ

where t ¼ nt: (The symbol := refers to dividing element-
wise, see above. Q to the nth power can be computed
easily by decomposing the matrix into its eigenvectors
and eigenvalues, as shown in Appendix A.)

To summarize the steps to determine the choice
probabilities, the mean decision times, and the prob-
ability distribution of decision times:

1. Define the process you want to use, e.g., Wiener, OUP.
2. Depending on your choice, the parameters for the

drift and diffusion coefficients are specified. For the
Wiener process, these are m and s; for the OUP,
they are d; g; s: For most applications s can be set to
one since it is only a scaling factor and not
observable.

3. Set the decision criterion y to establish the time
constant t and, for the OUP, a: This gives you
immediately the step size D and the matrix size m:
(D ¼ as

ffiffiffi
t

p
;m ¼ 2 
 y=Dþ 1).

4. With these parameters determine the transition
probabilities and construct the transition probabil-
ity matrix P.

5. Partition the matrix P according to Eq. (1)
(Eq. (17)); you only need R and Q.

6. Decide about the initial distribution, i.e., the
probabilities at which states the process starts.
These probabilities are assigned to the vector Z.
The length of Z is the same as for the matrix Q.

7. Calculate the choice probabilities (Eq. (2)), mean
times (Eq. (5)) and distributions (Eq. (18)) using the
vector Z and the matrices Q and R.

t and a are set depending on how good the
approximation to the continuous time process is desired.
The parameters m (d and g for the OUP), s and y can be
estimated from the data. Furthermore, depending of the
choice of the initial distribution the parameters for this
distribution are estimated as well. The minimum
number of parameters for the Wiener process is three
(drift, boundary, starting point) and for the OUP four.
If we assume the special case of symmetric boundaries
(no bias), i.e., if the starting point is exactly between the
boundaries, we can even reduce the number of
parameters to two and three, respectively. Note, the
Wiener process with two parameters often cannot
account for observed data since it predicts the same
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Fig. 3. Three sample paths (trajectories) and drift rate (solid line) of the standard Wiener process (upper left); the Wiener process with drift (upper

right); the OUP with g40 (lower left); and the OUP with go0 (lower right).

A. Diederich, J.R. Busemeyer / Journal of Mathematical Psychology 47 (2003) 304–322312



RT for correct and incorrect responses (see e.g., Luce,
1986; Townsend & Ashby, 1983; for a review). However,
the OUP with three parameters predicts different RT for
correct and incorrect response.

We can extend these models to a broader frame which
will be shown next.

6. Diffusion processes with variable drift rates

The unbiased Wiener process (process with symmetric
boundaries around the starting position) predicts the
same reaction time both for the more frequently and the
less frequently chosen alternative, regardless of the drift.
However, response time and accuracy data often show a
speeded response for the more frequently chosen
alternative (see for a review Luce, 1986; Townsend &
Ashby, 1983). There are at least three possibilities to
modify the Wiener process to account for those data: (1)
the Wiener process with bias (e.g., Link & Heath, 1975),
i.e., the process does not start half-way between the
decision boundaries but closer to either one or with a
distribution over starting values as shown for the
random walk in the previous sections; (2) the Wiener
process with changing drift within a trial (e.g., Dieder-
ich, 1992, 1995, 1997; Diederich, 1996, Heath, 1981;
Ratcliff, 1981); (3) the Wiener process with variable drift
across trials (e.g., Laming, 1968; Ratcliff, 1978, 1981).
That is, on each trial the information is accumulated
according to a Wiener process with a different drift
drawn from a distribution of drifts. How to incorporate
these ideas in the matrix approach is shown next. Note
that this approach is not limited to a Wiener process but
it can be applied to the Ornstein–Uhlenbeck process as
well. For simplicity, we keep the illustration limited to
the Wiener process.

6.1. A method for generating a distribution of drift rates

A commonly used assumption (cf. Ratcliff, 1978) is
that the drift rate is approximately Gaussian distributed
with mean mG ¼ m and variance s2

G: Use an approxima-
tion of the Gaussian distribution over discrete intervals
and use the mid interval as single drifts m1; m2y; mn:
Note that �1=

ffiffi
ð

p
tÞpmi=sp1

ffiffi
ð

p
tÞ must be obtained to

provide transition probabilities between 0 and 1 (see
above). Choose a large number of drift values to form a
finite distribution over drift values that closely approx-
imates a Gaussian distribution (n ¼ 20 is usually
adequate, R.Ratcliff, pers. comm.). For each single drift
mi determine the probability and expected time for
choosing the alternatives N and S of our example. The
overall mean and probability for each choice alternative
is a mixture of the individual mean and probabilities.
Let Prð�jmiÞ denote the probability for choosing
alternative � (S or N) given drift mi; i ¼ 1;y; n and

PrðmiÞ the probability for mi according to the Gaussian
distribution. The overall probability for choosing
alternative � is the sum of this product, i.e., Prð�Þ ¼Pn

i¼1 Prð�jmiÞPrðmiÞ (according to the law of total
probability). The expected time for each choice alter-
native is the sum over weighted expected time given drift
mi; i.e., E½T j�	 ¼

Pn
i¼1 Prð�jmiÞPrðmiÞ=Prð�Þ 
 E½T j �

-mi	: Table 1 shows how the mean times and choice
probabilities change as a function of the number of
individual mi; i ¼ 1;y; n with mG ¼ 0:2; s2

G ¼ ðð1=4Þ 

ð1=

ffiffi
ð

p
tÞ � mGÞÞ2; and y ¼ 3 as before.

7. Mean response time and response time distribution for

simple response time tasks

Up to here we have considered two alternative choice
response time tasks and proposed a model to account
for choice probabilities, mean choice response times and
response time distributions. Consider now a simple
response time paradigm in which a subject gives a
response as soon as a stimulus is detected.

As before we assume that as soon as a stimulus is
presented to the subject a mechanism stochastically
accumulates very small amounts of information con-
tinuously over time until the criterion is reached and a
response is initiated. It is assumed that the criterion is set
by the subject prior to the stimulus presentation and
does not change during the accumulation process.

In contrast to choice response paradigms we only
assume a single criterion where the process is absorbed.
Further we assume that information never drops below
its initial level. That is, we assume that the process is
reflected on its lower boundary. This idea fits nicely with
neuronal activity dynamics studies in neurobiology (e.g.,
Ricciardi, 1977). Note, that assuming the reflecting
boundary placed far away from the starting position,
this boundary has no effect and the process approx-
imates a process with an unrestricted boundary.4 The
state space for the process with one reflecting and one
absorbing boundary is

S ¼ f0;D; 2D;y; kDg;
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Table 1

Choice probabilities and conditional expectations for a Wiener process

with variable drift

Number of mi ; n PrðSÞ PrðNÞ EðT jSÞ EðT jNÞ

11 0.28 0.72 8.36 7.43

21 0.28 0.72 8.37 7.47

31 0.28 0.72 8.37 7.47

4The density of the decision latencies to this problem is known as

Wald density or inverse Gaussian, see e.g., Luce (1986, pp. 145, 333ff).
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with y ¼ kD and m ¼ k þ 1: Here kD is an absorbing
state and 0 is a reflecting state. The transition
probability matrix (in brackets) is accordingly

Note that there is no absorption at state 0. Further, if
the process reaches state 0 the probability is nonzero to
make a step D: That is what is meant by classifying 0 as a
reflecting state.

The transition probability matrix P ¼ jjpij jj is pre-
sented in its canonical form:

With the matrix Q and the vector R we proceed as
before, i.e. the first passage time distribution for
reaching the boundary with t ¼ nt; n ¼ 1; 2;y;N; is

Pr½T ¼ t	 ¼ ZQn�1R: ð19Þ

The expected time for the entire process to reach the
boundary is

E½T 	 ¼ tZðI�QÞ�2
R: ð20Þ

Note that the first passage time distribution and the
expected value are not conditioned on a choice anymore
since we only have one absorbing state, i.e., one
response in the simple response time paradigm. The

vector Z is the initial state or initial distribution. For
example, assuming that the process starts accumulating
information only if a signal is presented it is also

reasonable to assume that Z has a 1 at index 1 and zeros
otherwise. This process can be extended to multi-
dimensional stimuli. Consider an experimental setup in
information about the stimulus changes during one trial.
For example, in trials with different stimulus onset
times, light followed by a tone, information is presented

successively during one trial (Diederich, 1992, 1995).
This model is presented in the appendix.

8. Three choice alternatives

Here we develop the ternary choice model for the
optional stopping time task. Before we do this consider
Eq. (13) again, i.e., the information accumulation
process for two choice alternatives was described by
the diffusion process

Xðt þ tÞ ¼ ð1� tgÞXðtÞ þ Vðt þ tÞ ð21Þ
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for t-0: The process stops and a response for A is
initiated as soon as X ðtÞXy and a response for B is
initiated as soon as XðtÞp� y: This assumption,
however, is equivalent to the following. Assume that
the accumulation process is represented by a two-
dimensional diffusion process of the form (cf. Heath,
1981)

X1ðt þ tÞ ¼ ½ð1� tg1ÞX1ðtÞ � tg2X2ðtÞ	 þ V1ðt þ tÞ ð22Þ
for choosing A and

X2ðt þ tÞ ¼ ½�tg2X1ðtÞ þ ð1� tg1ÞX2ðtÞ	 þ V2ðt þ tÞ ð23Þ
for choosing B, with V1 þ V2 ¼ 0:

Writing these equations in matrix form we get

X1ðt þ tÞ
X2ðt þ tÞ

" #
¼

ð1� tg1Þ �tg2
�tg2 ð1� tg1Þ

" #



X1ðtÞ
X2ðtÞ

" #

þ
V1ðt þ tÞ
V2ðt þ tÞ

" #
;

Xðt þ tÞ ¼ ½I� tC	 
 XðtÞ þ Vðt þ tÞ; ð24Þ
where I is the identity matrix and C the matrix
containing the g’s. The diagonal elements of ½I� tC	
provide memory for previous states of the system. The
off-diagonal values allow for competitive interactions
among competing alternatives.

Note that if the sum X1ð0Þ þ X2ð0Þ ¼ 0 then X1ðtÞ þ
X2ðtÞ ¼ 03X1ðtÞ ¼ �X2ðtÞ for all t; and therefore the
processes in Eqs. (22) and (23) are represented by the
single process in Eq. (21) with g ¼ ðg2 � g1Þ:

For a choice from a set fA;B;Cg let us first assume
three processes, one for each choice alternative, similar
to Eq. (24). The change in evidence within the interval
ðt; t þ tÞ is

dXðtÞ ¼ Xðt þ tÞ � XðtÞ ¼ �tCðtÞXðtÞ þ Vðt þ tÞ:
The moments of the change in evidence are given by

E½dXðtÞjXðtÞ ¼ x	 ¼ tmðxÞ ¼ tðd � CxÞ

¼ t

d1 � ðg1x1 þ g2x2 þ g3x3Þ
d2 � ðg4x1 þ g5x2 þ g6x3Þ
d3 � ðg7x1 þ g8x2 þ g9x3Þ

2
64

3
75 ð25Þ

and

Cov½dXðtÞjXðtÞ ¼ x	 ¼ tR ¼ t

s2
1 s12 s13

s21 s2
2 s23

s31 s32 s2
3

2
64

3
75: ð26Þ

If we restrict the matrix C to the following: (1) the
elements in the diagonal are the same; (2) the matrix is
symmetric; (3) the columns sum up to the same
constant, i.e.

C ¼
g1 g2 g2
g2 g1 g2
g2 g2 g1

2
64

3
75

and if we assume that V1 þ V2 þ V3 ¼ 0 and X1ð0Þ þ
X2ð0Þ þ X3ð0Þ ¼ 0; then X3ðtÞ ¼ �½X1ðtÞ þ X2ðtÞ	: In
this case, option A is chosen as soon as X1ðtÞXy;
option B is chosen as soon as X2ðtÞXy; and option C is
chosen as soon as X3ðtÞ ¼ �½X1ðtÞ þ X2ðtÞ	Xy: Thus,
the diffusion process is restricted to a two-dimensional
simplex (triangular plane). The following developments
are limited to diffusions on this simplex. Markov chains
can be used to approximate multidimensional diffusion
processes (see Stroock & Varadhan, 1979, Theorem
11.2.3). In the case of the diffusion on the simplex, we
approximate the stochastic change in evidence dXðtÞ by
a random increment, ½dX1ðtÞ; dX2ðtÞ; dX3ðtÞ	: On each
step, we assume that these three increments sum to zero,
so that only the first two coordinates need to be included
in the model. Each coordinate, dXiðtÞ; is a small positive
step D ¼ as

ffiffiffi
t

p
or a small negative step �D ¼ �as

ffiffiffi
t

p
; or

zero; and we set s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2

1 þ s2
2 þ s2

3Þ=2
q

(i.e., the

diffusion coefficients for X1ðtÞ;X2ðtÞ; and X3ðtÞ), and
we require aX1: The state space of the Markov chain is
defined by a set of equally spaced discrete states that
form a grid of points on the simplex (see Fig. 4):

S ¼f½iD; jD	; ði ¼ �ðk þ jÞ;y; kÞ;
ðj ¼ �2k;�ð2k � 1Þ;y;�1; 0; 1;y; kÞg:

The total number of states is therefore m ¼ ð3k þ
2Þð3k þ 1Þ=2: The threshold bound for option A is
defined by the right vertical line of points ½y ¼ kD; jD	
for j ¼ �2k;�ð2k � 1Þy; k; the threshold bound for
option B is defined by the top horizontal line of points
½iD; y ¼ kD	 for i ¼ �2k;�ð2k � 1Þy; k; and the thresh-
old bound for option C is defined by the negative
diagonal line of points ½iD;�ðk þ iÞD	 for i ¼
�2k;�ð2k � 1Þy; k: The remaining ðð3k þ 1Þ �
3Þðð3k þ 1Þ � 2Þ=2 states represent transient states. The
transition probabilities for the transient states are

ARTICLE IN PRESS

Fig. 4. The state space S of the Markov chain is defined by a set of

equally spaced discrete states that form a grid of points on the simplex.
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symbolized as

Pr½dX1ðtÞ ¼ þD; dX2ðtÞ ¼ 0jXðtÞ ¼ x	 ¼ pþ0ðxÞ;
Pr½dX1ðtÞ ¼ þD; dX2ðtÞ ¼ �DjXðtÞ ¼ x	 ¼ pþ�ðxÞ;
Pr½dX1ðtÞ ¼ 0; dX2ðtÞ ¼ þDjXðtÞ ¼ x	 ¼ p0þðxÞ;
Pr½dX1ðtÞ ¼ 0; dX2ðtÞ ¼ �DjXðtÞ ¼ x	 ¼ p0�ðxÞ;
Pr½dX1ðtÞ ¼ �D; dX2ðtÞ ¼ 0jXðtÞ ¼ x	 ¼ p�0ðxÞ;
Pr½dX1ðtÞ ¼ �D; dX2ðtÞ ¼ þDjXðtÞ ¼ x	 ¼ p�þðxÞ;

and we define p00ðxÞ ¼ 1� ½pþ0ðxÞ þ pþ�ðxÞ þ p0þðxÞ þ
p0�ðxÞ þ p�0ðxÞ þ p�þðxÞ	 as the probability of no
change in state. Note that we assume pþþðxÞ ¼
p��ðxÞ ¼ 0; that is no simultaneous changes in the same
direction. The transition probabilities are defined by
equating the moments of the discrete and continuous
state processes shown in the appendix. Solving the
equations yields the transition probabilities for each
transient state:

pþ0ðxÞ ¼ t
m1ðxÞ
2D

þ s2
1

2D2
þ s21

D2

� �
þ b; ð27Þ

pþ�ðxÞ ¼ �t
s21

D2
� b; ð28Þ

p0þðxÞ ¼ t
m2ðxÞ
2D

þ s2
2

2D2

� �
� b; ð29Þ

p0�ðxÞ ¼ �t
m2ðxÞ
2D

� s2
2

2D2
� s21

D2

� �
þ b; ð30Þ

p�0ðxÞ ¼ �t
m1ðxÞ
2D

� s2
1

2D2

� �
� b; ð31Þ

p�þðxÞ ¼ b: ð32Þ

The parameter b reflects indeterminacy in this linear
system of equations. Any value of b will reproduce
the moments of the continuous state model. The
only constraints on b are that b40; it yields
transition probabilities between zero and one, and the
transition probabilities sum to less than or equal to
one (thus allowing for p00ðxÞX0). Constraints produced
by the moments of the third coordinate do not
provide linearly independent equations. The solutions
for p�þðxÞ and pþ�ðxÞ require s21o0; which will
generally be true as a consequence of the fact that the
evidence sums to zero. The transition probabilities
defined in Eqs. (27)–(32) are then inserted into the
Markov chain model to approximate the continuous
state diffusion process.

Consider the following example. With k ¼ 3 we
have m ¼ ð3k þ 2Þð3k þ 1Þ=2 ¼ 55 states that are ar-
ranged as a grid of points on a simplex in the following
way:

Analogous to the binary choice problem, the transition
probabilities defined in Eqs. (27)–(32) are arranged into
four matrices: the first is a ð3k þ 1� 3Þð3k þ 1� 2Þ=2�
ð3k þ 1� 3Þð3k þ 1� 2Þ=2 matrix Q containing the
probabilities of transiting from one transient state to
another. For our example with k ¼ 3 we have a 28� 28
matrix (first index: rightðþÞ=leftð�Þ; second index:
upðþÞ=downð�Þ), i.e.,

ð33Þ

The second is a ð3k � 2Þð3k � 1Þ=2� 1 vector RA

containing the probabilities of transiting from a
transient state to an absorbing state for option A; the
third is a ð3k � 2Þð3k � 1Þ=2� 1 vector RB containing
the probabilities of transiting from a transient state to
an absorbing state for option B; and the fourth is a
ð3k � 2Þð3k � 1Þ=2� 1 vector RC containing the prob-
abilities of transiting from a transient state to an
absorbing state for option C. Let pAi

; pBi
; pCi

denote
the probabilities for entering the absorbing states

ARTICLE IN PRESS
A. Diederich, J.R. Busemeyer / Journal of Mathematical Psychology 47 (2003) 304–322316



for A, B, and C, respectively from row i: Then

As before, the Z vector contains the initial distribution
and is of length ð3k � 2Þð3k � 1Þ=2: The neutral starting
position, for example, is determined by assigning a one
at index ð2k � 1Þð2kÞ=2� ðk � 1Þ:

After making these assignments, Eqs. (2) and (18) are
used to calculate the choice probabilities and mean
decision times for each of the three options.

For example, let m1 ¼ 0:5 and m2 ¼ 0:3: (m3 ¼ �
ðm1 þ m2Þ ¼ �0:8) and the covariance matrix

R ¼
4 �2 �2

�2 4 �2

�2 �2 4

2
64

3
75:

Set t ¼ 0:01 and a ¼ 1: Thus the step size becomes

D ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs2

1 þ s2
2 þ s2

3Þ=2t
q

¼ 1 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 
 4=2 
 0:01

p
: Insert-

ing these values in Eqs. (27)–(32) and further assuming
that pþ� ¼ p�þ and p00 ¼ 0 yields the transition
probabilities pþ0 ¼ 0:1769; pþ� ¼ 0:1667; p0þ ¼ 0:1728;
p0� ¼ 0:1605; p�0 ¼ 0:1565; p�þ ¼ 0:1667: With these
probabilities the respective matrices are constructed. Let
the process start at a neutral position, i.e., Z13 ¼ 1: Then
PrðAÞ ¼ 0:3636; PrðBÞ ¼ 0:3508; and PrðCÞ ¼ 0:2856:
The expected times are EðT jAÞ ¼ 0:0897; EðT jBÞ ¼
0:0897; and EðT jCÞ ¼ 0:0897:

Note, that this can also be used to compute the
distribution statistics for the leaky competing accumu-
lator model recently proposed by Usher and McClelland
(2001).

9. Concluding remarks

Diffusion processes are very powerful approaches to
model human information processing in a variety of
psychological tasks. We believe that lack of mathema-
tical tractability has prevented broad applications of
these models to empirical data. We hope that this
tutorial helps to spread this approach by showing how
to construct models, how to implement them on a
computer, and how to calculate predictions made by
these models.

A few words about why we chose the Markov chain
approximation approach. As we have mentioned above
that once the drift and diffusion coefficient are specified,
all the information about the process can be determined
via the transition probability density function. Tradi-
tionally, the transition probability density function can
be found by solving partial differential equations known
as forward equation (Fokker–Planck equation) and
backward equation (Chapman–Kolmogorov equation).
We did not elaborate on these equations since the major
concern of this tutorial was just to avoid them and not
to scare users away. Instead, we used the discrete state
and time transition probabilities as approximations to
the continuous transition densities. We only include
basic mathematics in the tutorial. Second, for processes
with boundaries, which are of special interest for
psychologists, often no closed solutions are available
when trying to solve partial differential equations.
Third, any type of simulation of continuous time
processes usually requires digital computers. That
means all calculations are carried out discretely. Thus,
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the difference between continuous time and space
models and the matrix approach is no longer valid.
Fourth, following the discussion of Thompson (1999),
differential–integral–difference equation type of formu-
lations are an invention of the 19th and early 20th
century in lack of powerful computers. Researchers had
to content themselves with these formulations as means
for summary information about the effect of trillions of
gas molecules.

The main advantage of the Markov chain approach,
as compared to Smith’s (2000) approach, is simplicity.
For the Markov chain approach, the same simple matrix
equations (e.g., Eqs. (2) and (3)) can be used for any
model, and there is no need to derive any new formulas
when transition probability assumptions are changed.
Smith’s (2000) approach requires the derivation of new
formulas for the distribution statistics for each new
diffusion process. However, the main advantage of
Smith’s (2000) approach is that it can be used to model
continuous changes in drift rate over time, whereas the
Markov chain methods are limited to a finite number of
changes in drift rate (Diederich, 1995, 1997, 2003a, b).

Note that both the Markov chain approach and
Smith’s (2000) approach require the use of finite
approximations to a continuous process since both
approaches make use of digital computers.
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Appendix A. Definitions

A.1. Stochastic process

Given an index set I ; a stochastic process indexed by I

is a collection of random variables fXl : lAIg on a
probability space taking values in a set S; the state space

of the process. The state space in this context contains
possible information states of the process and may be
discrete or continuous. The index set or parameter set,
often also called time space, contains the indices for
which the process is defined. Again, the index set may be
discrete or continuous. For example, information may
be accumulated at discrete points in time or continu-
ously over time.

A.2. Transition probability matrix

A transition probability matrix is a square matrix P ¼
ðpijÞ; where i and j vary over a finite enumerable set S;
satisfying pijX0 for all i and j and

P
jAS pij ¼ 1 for all i:

The set S is called the state space and its elements are states.

A.3. Deriving Eqs. (2) and (3)

The probability of choosing P at time step n is

PrðP at nÞ ¼ Z 
Qn 
 RP;

where RP refers to the vector of matrix R with
probabilities that lead to the absorbing state for
alternative P: The probability of choosing P is obtained
by summing up over discrete time, i.e.,

PrðPÞ ¼ Z 

XN
n¼0

Qn 
 RP:

Realizing thatXN
n¼0

Qn ¼ IþQþQ2 þ? ¼ ðI�QÞ�1

as n-N (for a proof see, e.g., Bhat, 1984, p. 71) yields

PrðPÞ ¼ Z 
 ðI�QÞ�1 
 RP:

If we define T as the random number of time steps to
reach the boundary then the first moment for the
distribution of time steps to choose P is

E½T jP	 ¼ Z
P

N

n¼1 n 
Qn�1 
 RP

PrðPÞ :

Realizing thatX
N

n¼1
n 
Qn�1 ¼ Iþ 2Qþ 3Q2 þ? ¼ ðI�QÞ�2

as n-N (for a proof see, e.g. Diederich, 1995,
Appendix) yields

E½T jP	 ¼ ZðI�QÞ�2 
 RP

PrðPÞ :

A.4. Approximation of the diffusion process

Suppose there are two real-valued functions mðxÞ and
s2ðxÞ on ð�N;NÞ that are continuously differentiable
and that s00 exists and is continuous, and that s2ðxÞ40
for all x: Also assume that mðxÞ and s2ðxÞ are bounded.
Consider now a birth–death chain with state space S ¼
f0;7D;72D;yg with step size D40 and having
transition probabilities pij of going from iD to jD in
one step given by

pi;i�1 ¼ aðDÞi :¼ s2ðiDÞt
2D2

� mðiDÞt
2D

;

pi;iþ1 ¼ bðDÞi :¼ s2ðiDÞt
2D2

þ mðiDÞt
2D

;

pii ¼ 1� s2ðiDÞt
D2

¼ 1� aðDÞi � bðDÞi ;

where t is given by

t ¼ D2

supx s2ðxÞ
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and represents the actual time in between two successive
transitions. With the conditions imposed on mðxÞ and
s2ðxÞ a sufficiently small D guarantees the non-
negativity of the transition probabilities pii; pi;i�1; pi;iþ1

(see Bhattacharya & Waymire, 1990, p. 386).
Given that the process is at x ¼ iD; the mean

displacement in a single step of size D in time t is

DbðDÞi þ ð�DÞaðDÞi ¼ mðiDÞt ¼ mðxÞt: ðA:1Þ

Therefore, the instantaneous rate of mean displacement
per unit time, when the process is at x; is mðxÞ: The mean
squared displacement in a single step of size D in time t
is

D2bðDÞi þ ð�DÞ2aðDÞi ¼ s2ðiDÞt ¼ s2ðxÞt: ðA:2Þ

That is, the instantaneous rate of mean squared
displacement per unit time, when the process is at x; is
s2ðxÞ:

Hence, the transition probabilities pi;i�1 and pi;iþ1 can
be written as functions of the drift and diffusion
coefficient mðxÞ and s2ðxÞ; respectively. With D2 ¼
ts2ðxÞ

pi;i�1 ¼
1

2
1� mðxÞ

sðxÞ
ffiffiffi
t

p� �
; ðA:3Þ

pi;iþ1 ¼
1

2
1þ mðxÞ

sðxÞ
ffiffiffi
t

p� �
: ðA:4Þ

Thus, the birth–death chain with transition probabilities
pij approximates the diffusion process with drift
coefficient mðxÞ and diffusion coefficient s2ðxÞ as D-0
(see Convergence Theorem, e.g. Bhattacharya & Way-
mire, 1990, p. 387; Karlin & Taylor, 1981, p. 169).

To see how a differential equation can be approxi-
mated by a difference equation let p

ðnÞ
ij be the n-step

transition probabilities going from i to j: By definition
p
ðnÞ
ij ¼

P
kAS pikpn�1

ik ; n ¼ 2; 3;y and S is the state
space. Therefore, with pii ¼ 1� bðDÞi � aðDÞi ; we get for
the birth–death process

p
ðnþ1Þ
ij ¼ piip

ðnÞ
ij þ pi;iþ1p

ðnÞ
iþ1;j þ pi;i�1p

ðnÞ
i�1;j;

p
ðnþ1Þ
ij ¼ ð1� bðDÞi � aðDÞi ÞpðnÞ

ij þ bðDÞi p
ðnÞ
iþ1;i þ aðDÞi p

ðnÞ
i�1;i

or

p
ðnþ1Þ
ij � p

ðnÞ
ij ¼ bðDÞi ðpðnÞ

iþ1;j � p
ðnÞ
ij Þ � aðDÞi ðpðnÞ

ij � p
ðnÞ
i�1;jÞ

¼ mðiDÞt
2D

ððpðnÞ
iþ1;j � p

ðnÞ
ij Þ þ ðpðnÞ

ij � p
ðnÞ
i�1;jÞÞ

þ 1

2

s2ðiDÞt
D2

ðpðnÞ
iþ1;j � 2p

ðnÞ
ij þ p

ðnÞ
i�1;jÞ:

With t ¼ nt and states x ¼ iD and y ¼ jD and D-0;
defining as approximate density

pðDÞðnt; iD; jDÞ :¼
p
ðnÞ
ij

D
;

we get

pðDÞððn þ 1Þt; iD; jDÞ � pðDÞðnt; iD; jDÞÞ
¼ mðiDÞðpðDÞðnt; ði þ 1ÞD; jDÞ
� pðDÞðnt; ði � 1ÞD; jDÞÞt=2D
þ 1

2
s2ðiDÞðpðDÞðnt; ði þ 1ÞD; jDÞ � 2pðDÞðnt; iD; jDÞ

þ pðDÞðnt; ði � 1ÞD; jDÞÞt=D2

which is the difference equation version of the partial
differential equation

@

@t
pðt; x; yÞ ¼ mðxÞ @

@x
pðt; x; yÞ þ 1

2
s2ðxÞ @2

@x2
pðt; x; yÞ;

for t40; �Nox; yoN:

That is, the transition probability density pðt; x; yÞ can
be computed approximately by determining the n-step
transition probabilities p

ðnÞ
ij : This can be done by

constructing a transition probability matrix and raising
it to the nth power shown below.

A.5. Decomposing Q

To raise Q to the nth power it is convenient to
decompose Q into its eigenvectors and eigenvalues.
Proceed as follows:

1. Determine the eigenvalues and eigenvectors of Q, a
k � k matrix, by using a mathematical program, e.g.,
MATLAB with ½X; v	 ¼ eigðQÞ: The program solves
the determinant equation jvI�Qj ¼ 0 to get the v

eigenvalues v and solves QX ¼ vX to get the k

eigenvectors of length k; i.e., X ¼ jjX1; X2;y;Xkjj:
2. Determine the inverse of X, i.e., X�1; e.g., inv X ¼

invðXÞ:
3. Qn can be written as

Qn ¼ XVnX�1

where

Vn ¼
vn
1 0

&

0 vn
k

2
64

3
75:

4. Conveniently the MATLAB program gives already
the eigenvalues in form of a diagonal matrix. Thus

Qn ¼ Xv:n � invX;

where :n means elementwise raising to the nth power.

A.6. Three alternatives

The transition probabilities are defined by equating
the moments of the discrete and continuous state
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processes:

E½dX1ðtÞjXðtÞ ¼ x	=t ¼ ½pþ0ðxÞ þ pþ�ðxÞ � p�0ðxÞ
� p�þðxÞ	D=t ¼ m1ðxÞ;

E½dX2ðtÞjXðtÞ ¼ x	=t ¼ ½p0þðxÞ þ p�þðxÞ � p0�ðxÞ
� pþ�ðxÞ	D=t ¼ m2ðxÞ;

Var½dX1ðtÞjXðtÞ ¼ x	=t ¼ ½pþ0ðxÞ þ pþ�ðxÞ þ p�0ðxÞ
p�þðxÞ	D2=t� m1ðxÞ2t ¼ s2

11;

Var½dX2ðtÞjXðtÞ ¼ x	=t ¼ ½p0þðxÞ þ p�þðxÞ þ p0�ðxÞ
þ pþ�ðxÞ	D2=t� m2ðxÞ2t ¼ s2

22;

Cov½dX1ðtÞ; dX2ðtÞjXðtÞ ¼ x	
¼ �½p�þðxÞ þ pþ�ðxÞ	D2=t� m1ðxÞm2ðxÞt ¼ s21:

As t-0; then miðxÞmjðxÞt-0; and so they can be
ignored for small t:

Appendix B. Fixed t�

The simplest case how to combine different attributes
is to assume that at a particular point in time attention
switches from one attribute of the stimulus to the next
and, therefore, the information accumulation process
for the first attribute transforms into an information
accumulation process for the second attribute at time t�:
t� may have to be estimated from the data or is
determined by the experimental setup (e.g., SOA). That
is, the basic assumption proposed here is that attributes
are processed serially. Each attribute is considered for a
certain amount of time and generates an information
accumulation process for making a decision. The
subprocesses are concatenated sequentially over time.

As before we assume that as soon as the stimulus is
presented, an information accumulation process is
initiated accumulating very small amounts of informa-
tion in very small time intervals. After some time t� new
information is available, e.g., the subject has switched
attention to another attribute of the stimulus, or new
information is externally added. The information
accumulation process may change, i.e., the second
subprocess (after t�) may have a different drift and/or
diffusion coefficient than the first subprocess. Therefore,
the entire process may reach the boundary, on average,
sooner, or later, or may take an opposite direction
towards the alternative boundary.

The entire process is considered piecewise up to time
t�; and then starting from there with a new process, we
determine the probability of the second part. Eq. ??
shows that a different drift coefficient influences the Q
and R matrices. Note, that the entire process is not
time-homogeneous any more, i.e., the process changes at
time t�:

Some notion has to be introduced. Note that the first
column of R is associated with choosing alternative B,
the second column with choosing A. For convenience we
label these vectors as RA and RB; respectively. To keep it
simpler we show how to calculate the quantities for
choosing a particular alternative, say, A. The calcula-
tions for B are analogous. Further, the subprocesses are
indicated by 1,2, etc. Thus, the Q matrix for the first
subprocess is labeled Q1; for the second subprocess Q1:
The R vector associated with choosing alternative A for
the first process is labeled RA1

; the one for the second
process RA2

:
The probability that the process reaches the boundary

for choosing A before time t�; t� ¼ n1t; is

Pr½Tpt�- choose A	 ¼ Z
Xn1

i¼1

Qi�1
1 RA1

: ðB:1Þ

Z contains the probability of the starting position of the
process. Q1 denotes the transition probability matrix for
non-absorbing (transient) states for the first part of the
process up to time t�: The vector RA1

contains the
transition probabilities from the transient states to
absorbing states for the first part of the process.

The probability that the process reaches the boundary
for choosing A after time t� ¼ n1t is

Pr½t�oT- choose A	 ¼ ZQ
n1
1

XN
i¼n1þ1

Q
i�ðn1þ1Þ
2 RA2

: ðB:2Þ

ZQ
n1
1 contains the defective initial distribution (that is, it

does not add up to 1) for the second part of the process.
Q2 and RA2

contain the respective probabilities for the
second part of the process.

The probability that the process reaches the boundary
for choosing A is therefore

Pr½choose A	 ¼Z
Xn1

i¼1

Qi�1
1 RA1

þ ZQ
n1
1

XN
i¼n1þ1

Q
i�ðn1þ1Þ
2 RA2

; ðB:3Þ

The first passage time distribution for the A boundary is
determined as

Pr½T ¼ tjchoose A	

¼

ZQn�1
1 RA1

=Pr½choose A	 : for t ¼ ntpt� ¼ n1t;

n ¼ 1; 2;y; n1

ZQ
n1
1 Q

n�ðn1þ1Þ
2 RA2

=Pr½choose A	 : for t ¼ nt4t� ¼ n1t;

n ¼ n1 þ 1;y :

8>>>><
>>>>:

ðB:4Þ

ARTICLE IN PRESS
A. Diederich, J.R. Busemeyer / Journal of Mathematical Psychology 47 (2003) 304–322320



The mean time for the process to reach the boundary for
choosing A is

E½T jchoose A	

¼ t Z
Xn1

i¼1

iQi�1
1 RA1

þ ZQ
n1
1

XN
i¼n1þ1

iQ
i�ðn1þ1Þ
2 RA2

" #,

Pr½choose A	: ðB:5Þ
The probability, the first passage time distribution, and
the mean time of the process for choosing B are
determined by substituting vector RA by vector RB;
containing the probability from the transient to the
absorbing state of the boundary for B.

Appendix C. Matlab programs

In the following we use sparse matrices to run
programs with large matrices. The MATLAB command
‘‘SPARSE’’ converts a matrix to sparse form by
squeezing out any zero elements.

C.1. Simple random walk

clear;
% Simple Random walk
%criterion value
theta ¼ 3;
%total number of states
m ¼ 2 � theta þ 1;
% Probabilities
p ¼ 0:6;
q ¼ 1� p;
% Constructing the transition probability matrix
for i ¼ 1 : m � 2
i ¼ i þ 1;
j ¼ ½ði � 1Þ i ði þ 1Þ	;
tmði � 1; jÞ ¼ ½p ð1� ðp þ qÞÞ q	;
end
Q ¼ sparseðtmð:; 2 : m � 1ÞÞ;
R ¼ sparseð½tmð:; 1Þ tmð:;mÞ	Þ;
% three different initial distribution
Z1 ¼ ½0 0 1 0 0	;
Z2 ¼ ½0 0 0 1 0	;
Z3 ¼ ½0:05 0:1 0:7 0:1 0:05	;
% Identity matrix
I ¼ speyeðm � 2Þ;
% Choice probabilities
PrBPrA ¼ Z1 � ðI � QÞ4ð�1Þ � R

% mean decision times
EtBEtA ¼ ðZ1 � ðI � QÞ4ð�2Þ � RÞ:=PrBPrA

C.2. OUP

% Ornstein–Uhlenbeck process for two choice alter-
natives

clear;
% model parameters

% criterion value
theta ¼ 4;
% drift rate
delta ¼ 0:2;
% decay
gamma ¼ 0:01;
% diffusion coefficient
sigma ¼ 1;
% parameters set to approximate continuous process

% continuous time adjustment
alpha ¼ 1:5;
% time unit
tau ¼ 0:01;
% step size
Delta ¼ alpha � sqrtðsigmaÞ � sqrtðtauÞ;
%total number of states
m ¼ 2 � roundðtheta=DeltaÞ þ 1;
%states – exclusive the two absorbing boundaries
x ¼ �ðm � 1Þ=2 : ðm � 1Þ=2;

%transition probabilities
p1 ¼ 1=ð2 � alphaÞ � ð1� ðdelta � gamma � xÞ �
sqrtðtauÞ=sigmaÞ;
p2 ¼ 1=ð2 � alphaÞ � ð1þ ðdelta � gamma � xÞ �
sqrtðtauÞ=sigmaÞ;
p3 ¼ 1� ð1=alphaÞ � 0 � x;

% constructing the transition probability matrix
for i ¼ 1 : m � 2
i ¼ i þ 1;
j ¼ ½ði � 1Þ i ði þ 1Þ	;
tmði � 1; jÞ ¼ ½p1ðiÞ p3ðiÞ p2ðiÞ	;
end

Q ¼ sparseðtmð:; 2 : m � 1ÞÞ;
R ¼ sparseð½tmð:; 1Þ tmð:;mÞ	Þ;
% initial distribution, here the process starts unbiased
with probability 1
Z1 ¼ zerosð1;m � 2Þ;
Z1ð1; ðm � 3Þ=2þ 1Þ ¼ 1;
% identity matrix
I ¼ speyeðm � 2Þ;
% choice probabilities
PrBPrA ¼ Z1 � invðI � QÞ � R

% mean decision times
EtBEtA ¼ tau � ðZ1 � invðI � QÞ � invðIQÞ �
RÞ:=PrBPrA
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